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Rail substructure is essential for performance"
Ballast, subballast, and subgrade: 
 
•  Support track structure 
•  Provide drainage 
•  Damp track vibrations 

Some potential issues 
 
•  Differential settlement, especially at 

transitions 
•  Increased maintenance 
•  Passenger comfort 
•  Vibrations in nearby structures 
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Outline"

Elastic soil coupling with Rail Multibody Simulation 
 
 
 
 
Elasto-viscoplastic soil model 
 
 
 
 
Ongoing work 
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Outline"

Elastic soil coupling with Rail Multibody Simulation 
 
 
 
 
Elasto-viscoplastic soil model 
 
 
 
 
Ongoing work 
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Elastic modeling of soil can simulate dynamic response of 
track substructure 

Coupling procedure 
•  Construct geometric model of track 

and substructure 

•  Create finite element discretization 
to find mass and stiffness matrices 

•  Extract relevant mode shapes, 
modal mass and stiffness 

•  Use mass and stiffness values to 
run multibody simulation of train 

•  Reconstruct total deformation and 
other quantities of interest 

Run time depends on number of modes and rail nodes, not substructure geometry 
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Wheel-rail contacted calculated in SAMS/rail 
•  Multibody dynamics code calculates dynamic interaction or rigid 

and flexible bodies coupled by algebraic constraints 
 
•  SAMS/rail includes sophisticated calculation of wheel-rail 

contact points and forces 
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Example - suspended wheelset on elastic soil 
Wheelset: 
 
 
 
 
 
 
 
 
 
 
Substructure Geometry: 

XML Template (2014) [10.6.2014–5:45pm] [1–13]
//blrnas3/cenpro/ApplicationFiles/Journals/SAGE/3B2/PIFJ/Vol00000/140050/APPFile/SG-PIFJ140050.3d (PIF) [PREPRINTER stage]

Supported model

As previously described, the model includes two rigid
sections with a deformable section located between
them. The deformable section includes 11 supported
sleepers. In this section, the vertical displacement
(deformation) of the rail is studied at three longitu-
dinal locations along the track. The three positions
are: the third sleeper, as shown Figure 9, the center
of the fourth span (between the fourth and fifth slee-
pers) as shown in Figure 10, and at the middle of the
deformable section (the sixth sleeper), as shown in
Figure 11. The percentage of the di!erence between
the peaks of the two models is included in the cap-
tions. We also calculated the di!erence between the
maximum depression and maximum rise, as this dis-
tance can often be more critical than the absolute
depression. The percentage di!erence between the
two models for Figures 9 to 11 are: 14, 6 and 13%,
respectively.

The results show that the two models have the
same trend at the three positions, with some di!er-
ence in the peak values. Some di!erence is expected
as a result of the di!erences in the models’ assump-
tions, for example, the e!ect of the three layers, and
the complexity of the presented FE model compared
with the model in the literature. In particular, the
Poisson e!ects in the soil create a slight elevation
of the rail on either side of the area of the maximum
depression. This elevation is known as rail lift-o!
from sleepers and the proposed model is able to cap-
ture it more clearly than the simple spring-damper
model. With the chosen material parameters for the
ballast, sub-ballast and sub-grade, the model with
solid elements is slightly sti!er than the spring elem-
ents used to model the ballast in the literature paper.
A model using uncoupled springs for the substruc-
ture does not capture this phenomenon to the same
extent. In addition to the displacements, the model
also shows good agreement with the model from the
literature in the contact force, as shown in Figure 12.
This figure shows the same trend, though the ampli-
tude is not exact, which is likely due to di!erences in
the way in which the two models incorporate damp-
ing of the substructure. The current model seems to
have a somewhat smoother response, although this
may also be related to the number of modes used.

Unsupported rail

In this section, the support of the sleeper in the middle
of the deformable rail, sleeper number 6, is removed.
In Recuero’s model the springs underneath the rail at
that position are removed, whereas in the model pre-
sented in this work the fasteners between the rail and

Table 2. The mechanical properties of
the wheelset.

Description Value

Mass 1568 kg

Ixx 656 kgm2

Iyy 168 kgm2

Izz 656 kgm2

kl1! kl2 13,500N/m

kt1! kt2 25,000N/m

cl1! cl2 1000Ns/m

ct1! ct2 0Ns/m

Figure 8. Displacement at the middle of the flexible section of the rail.

8 Proc IMechE Part F: J Rail and Rapid Transit 0(0)
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Example - suspended wheelset on elastic soil 
Rail and substructure parameters 
 

XML Template (2014) [10.6.2014–5:45pm] [1–13]
//blrnas3/cenpro/ApplicationFiles/Journals/SAGE/3B2/PIFJ/Vol00000/140050/APPFile/SG-PIFJ140050.3d (PIF) [PREPRINTER stage]

analysis between the FEM and MBS is performed in
the time domain, with the MBS code using modal
frequencies of the FE model to take advantage of
the floating frame of reference (FFR) formulation
where the mode shapes are used in place of the
nodal degrees of freedom to obtain the elastic
response of the system.

Damping in ballast and soil is a complex, nonlinear
phenomenon governed largely by inter-particle fric-
tion in the case of granular soils,29 with fluid motion
also being a contributing factor in saturated soils.
However, adding this complexity to the model pre-
vents modal decomposition, which results in great e!-
ciency gains. In addition, accurate modeling of
damping in these materials is a di!cult task that con-
tains a large degree of uncertainty. Hence, for simpli-
city and e!ciency, we apply linear modal damping in
this model.

In the literature, many researchers have used
numerical solutions for modeling the wheel/rail con-
tact and then couple it with the FE model they used;
however, in this work, the coupling between the MBS
and FE is performed using two specialized codes in
FE and MBS to apply the coupling.

The remainder of this paper is organized as fol-
lows. The section ‘Modeling’ includes the FE model-
ing of the system, and explains the formulations used
in the MBS analysis. It also provides the equations
governing the contact forces and the system motion.
Numerical results are then presented in the section
‘Numerical examples’ where a comparison is made
to verify the model. Finally, conclusions are drawn
and suggestions for future work are presented.

Modeling

The FEM approach is used in this work to model the
rails, sleepers and the substructure. A full 3D model

using beam, solid and spring elements is used to
model the di"erent parts of the system. The dynamic
analysis and the contact between the wheels and the
rails are modeled using a MBS code. The following
subsections describe the FE model, including dimen-
sions and material properties. In addition, the MBS
formulations are explained in detail in the following
subsections, where the formulations of the FFR, the
contact formulations and the equations of motion are
presented.

FE model

One of the most common numerical techniques for
solving engineering problems is the FEM. It is a
very powerful tool that can be used to save the cost
of building and testing many prototypes by creating
numerical models to be tested in a variety of situ-
ations. The FEM is used in this work to model
the rails, sleepers and the substructure (ballast, sub-
ballast and sub-grade). Using a commercially avail-
able FE software package, both rails and sleepers
are modeled using 3D beam elements, whereas the
three substructure layers (ballast, sub-ballast and
sub-grade) are modeled using solid elements. Spring-
damper elements are used to model the fasteners
between the rail and the sleepers. The main dimen-
sions and material properties needed for the di"erent
components of the model are provided in Table 1.

In this model, the track is designed to have a rigid
section before and after the flexible section. The rigid
sections are assumed to have all their degrees of free-
dom constrained, whereas the deformable section of
the rail includes both the rails and the substructure
beneath them. The substructure is represented with
three layers: the ballast, sub-ballast and sub-grade.
As is shown in Figure 1, the deformable rail is con-
nected to the sleepers using spring-damper elements

Table 1. FEM data.

Description Value Unit Description Value Unit

Rigid rail length 40 (on both sides) m Poisson’s ratio of a sleeper ("s) 0.25

Gage length 1.5113 m Cross-sectional area of a sleeper (As) 513.8! 10"4 m2

Flexible rail length 6.5 m Second moment of inertia of a sleeper, Iyy 25,735! 10"8 m4

Stiffness of the rail (Er) 210! 109 N/m2 Second moment of inertia of a sleeper, Iyy 18,907! 10"8 m4

Density of the (!r) 7700 kg/m3 Timoshenko shear coefficient of a sleeper 0.83

Poisson’s ratio of the rail ("r) 0.3 Stiffness of the ballast (Eb) 260! 106 N/m2

Cross-sectional area of the rail (Ar) 64.5! 10"4 m2 Density of the ballast (!b) 1300 kg/m3

Second moment of inertia of the rail, Iyy 2010! 10"8 m4 Poisson’s ratio of the ballast ("b) 0.3

Second moment of inertia of the rail, Izz 326! 10"8 m4 Stiffness of the sub-ballast (Esb) 200! 106 N/m2

Timoshenko shear coefficient for the rail 0.34 Density of the sub-ballast (!sb) 1850 kg/m3

Length of a sleeper 2.36 m Poisson’s ratio of the sub-ballast ("sb) 0.35

Gap between sleepers 0.65 m Stiffness of the sub-grade (Esg) 200! 106 N/m2

Stiffness of a sleeper (Es) 64! 109 N/m2 Density of the sub-grade (!sg) 1850 kg/m3

Density of a sleeeper (!s) 2750 kg/m3 Poisson’s ratio of the sub-grade ("sg) 0.3

Stiffness coefficient of a pad (Kpad) 26.5! 107 N/m Damping coefficient of the pad (Cpad) 4.6! 104 Ns/m

El-Ghandour et al. 3
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Results can be visualized with help from Electronic 
Visualization Laboratory"
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Displacement of rail can be calculated "

XML Template (2014) [10.6.2014–5:45pm] [1–13]
//blrnas3/cenpro/ApplicationFiles/Journals/SAGE/3B2/PIFJ/Vol00000/140050/APPFile/SG-PIFJ140050.3d (PIF) [PREPRINTER stage]

Supported model

As previously described, the model includes two rigid
sections with a deformable section located between
them. The deformable section includes 11 supported
sleepers. In this section, the vertical displacement
(deformation) of the rail is studied at three longitu-
dinal locations along the track. The three positions
are: the third sleeper, as shown Figure 9, the center
of the fourth span (between the fourth and fifth slee-
pers) as shown in Figure 10, and at the middle of the
deformable section (the sixth sleeper), as shown in
Figure 11. The percentage of the di!erence between
the peaks of the two models is included in the cap-
tions. We also calculated the di!erence between the
maximum depression and maximum rise, as this dis-
tance can often be more critical than the absolute
depression. The percentage di!erence between the
two models for Figures 9 to 11 are: 14, 6 and 13%,
respectively.

The results show that the two models have the
same trend at the three positions, with some di!er-
ence in the peak values. Some di!erence is expected
as a result of the di!erences in the models’ assump-
tions, for example, the e!ect of the three layers, and
the complexity of the presented FE model compared
with the model in the literature. In particular, the
Poisson e!ects in the soil create a slight elevation
of the rail on either side of the area of the maximum
depression. This elevation is known as rail lift-o!
from sleepers and the proposed model is able to cap-
ture it more clearly than the simple spring-damper
model. With the chosen material parameters for the
ballast, sub-ballast and sub-grade, the model with
solid elements is slightly sti!er than the spring elem-
ents used to model the ballast in the literature paper.
A model using uncoupled springs for the substruc-
ture does not capture this phenomenon to the same
extent. In addition to the displacements, the model
also shows good agreement with the model from the
literature in the contact force, as shown in Figure 12.
This figure shows the same trend, though the ampli-
tude is not exact, which is likely due to di!erences in
the way in which the two models incorporate damp-
ing of the substructure. The current model seems to
have a somewhat smoother response, although this
may also be related to the number of modes used.

Unsupported rail

In this section, the support of the sleeper in the middle
of the deformable rail, sleeper number 6, is removed.
In Recuero’s model the springs underneath the rail at
that position are removed, whereas in the model pre-
sented in this work the fasteners between the rail and

Table 2. The mechanical properties of
the wheelset.

Description Value

Mass 1568 kg

Ixx 656 kgm2

Iyy 168 kgm2

Izz 656 kgm2

kl1! kl2 13,500N/m

kt1! kt2 25,000N/m

cl1! cl2 1000Ns/m

ct1! ct2 0Ns/m

Figure 8. Displacement at the middle of the flexible section of the rail.

8 Proc IMechE Part F: J Rail and Rapid Transit 0(0)

Many modes are necessary for accurate solution of a concentrated, moving load. 
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Results can be compared for “normal” track and 
unsupported tie "

Normal rail displacement and contact force between ties 

Rail displacement for unsupported tie 
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Outline"

Elastic soil coupling with Rail Multibody Simulation 
 
 
 
 
Elasto-viscoplastic soil model 
 
 
 
 
Ongoing work 
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Permanent deformation requires inelastic modeling"
Important features for ballast, subballast and subgrade settlement: 
 
•  Dilation at low pressure, compaction higher 

•  Rate dependence 

•   Kinematic hardening to capture Bauschinger effect in cyclic loading 

•  Other features for improved accuracy: nonassociativity, strength 
differential effect, compaction hardening 
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We have adapted the Sandia GeoModel, a cap 
palsticity model, to captures these features. "

Cap hardening 
 

Rate dependence 

Strength differential 
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Recent modifications have improved robustness and 
efficiency"
Table IV. Convergence of integration point algorithm for the !rst plastic load step of compression/shear test.

Local residual vector R7 ! 1 (MPa)
Number of Newton–Raphson iterations = 4

1.7489e-01 2.0791e-03 4.5107e-06 2.1133e-11
1.7035e-01 2.1011e-03 4.7884e-06 2.2981e-11
1.8503e-01 2.0305e-03 3.8841e-06 1.6923e-11
3.8600e-01 !4.1568e-02 !9.6827e-05 !4.9292e-10
!3.5068e-01 3.7296e-02 8.8842e-05 4.5686e-10
1.1285e-01 1.3204e-03 2.8043e-06 1.2984e-11
1.6242e-01 4.4698e-04 5.4560e-06 2.5388e-11

Table V. Convergence of integration point algorithm for the !rst shear load step of
compression/shear test.

Local residual vector R7 ! 1 (MPa)
Number of Newton–Raphson iterations = 3

3.4037e-03 !2.0293e-07 2.3648e-14
3.4117e-03 !1.9999e-07 2.3415e-14
3.4281e-03 !1.9395e-07 2.3231e-14
4.7623e-04 !7.4150e-07 !2.5990e-13
!9.0924e-04 1.4126e-06 4.9546e-13
2.2219e-03 !1.2965e-07 1.5501e-14
2.0546e-03 1.3663e-08 !1.1369e-13

Table VI. Convergence of global algorithm for the compression/shear test.

Norm of the global residual vector (m)

Iteration number Loading step 1 (compression) Loading step 2 (shear)

1 0.74184 0.0132
2 1.7718e-03 1.3659e-06
3 1.1222e-08 6.9587e-11

Figure 26. Residual norm per iteration for the !rst plastic step in both loading steps of the compression/shear
test. Quadratic convergence is observed.

IMPROVED IMPLICIT INTEGRATION OF A CAP PLASTICITY MODEL

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2015)
DOI: 10.1002/nag

step. Figures 19 and 20 provide insightful views in principal stress space about the trajectory of stress
evolution during two steps of loading for triaxial extension and triaxial compression tests, respectively.
In addition, the 3D representation of initial and translated yield surfaces is depicted. As the axial stress–
strain response is shown in Figures 21 and 22, the material yields sooner and undergoes more plastic
deformation in the triaxial extension case.

4.5. Compression/shear example

This two-step loading test is designed to investigate numerical implementation of the modi!ed model
during changing spectral directions. Mesh and boundary conditions are demonstrated in Figure 23. In
the !rst step of loading (AC), shear displacement is set to zero, that is, ds=0 while in the second step
(CD) the compression displacement dc and con!ning force P3 are !xed to the values prescribed at the

Table III. Convergence of global algorithm for a set of triaxial compression tests.

Norm of the global residual vector (m)

Iteration number ! = 0.2 ! = 0.25 ! = 0.3 ! = 0.4 ! = 0.6

1 1.0392 1.0607 1.0863 1.1489 1.3115
2 2.6151e-02 1.1248e-02 3.8974e-02 2.4356e-02 7.3177e-02
3 3.5327e-05 5.7206e-06 6.6795e-05 2.0957e-05 9.0703e-05
4 6.5536e-11 1.4875e-12 2.0057e-10 1.5458e-11 1.0894e-09

Figure 18. Residual norm per iteration for the !rst plastic step in a set of triaxial compression tests.

Figure 19. Stress path for triaxial extension (TXE) in principal stress space: showing movement along the
hydrostatic axis in the !rst load step, intersection with the initial yield surface and culminating at the !nal

translated yield surface in the second load step.

M. H. MOTAMEDI AND C. D. FOSTER

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2015)
DOI: 10.1002/nag

Both local and global residuals show quadratic convergence 

•  Reparameterized yield function 

•  Normalized units of local residual 
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The model can be used in large-scale finite element 
problems"
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Outline"

Elastic soil coupling with Rail Multibody Simulation 
 
 
 
 
Elasto-viscoplastic soil model 
 
 
 
 
Ongoing work 
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This linear elastic model is now being applied to bridge 
approaches and building vibrations"
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This viscoplastic model will be coupled to the multibody 
model by a linear approximation"

•  Use linear stiffness to calculate displacements 

•  Use the displacement to calculate full stress and plastic strain 

•  Since inelastic deformation is small over a given event, rerun loads 

•  Periodically update geometry to account for settlement   
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Conclusions"
•  Continuum modeling of track substructure lead to more accurate 

modeling of train dynamics 

•  Can be applied to a variety of problems related to rail geotechnics, 
including building vibration and transitions 

•  More advanced soil modeling necessary to capture permanent 
settlement (ballast fouling and degradation needs further modification) 
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